
Recap

For linear transformation y V IN

Rem p v EY 1 4 v 0 y

im y glut I ve v IN

dim im 6 dim ker x dim V

For linear operator 4 V V

XE IF is an eigenvalue if V EV 110 4 sit

6 x X Y

If p Vi Xiv 6 Yp tk.ve for distinct X tk
then V Vp are II



Diagonalizable operators

4 Y V is said to be diagonalizable if basis B of V

5.1 every VEB is an eigenvector of 4

e g R iR

others

E Cheik that Yleft Fib Fib is diagonalizable



Inner Products

Vector space V over IF IR or C for this part

µ Vx V IF is an inner product if

uEV p u o v F is a linear transformation

u vEV p u v pe v u

veV perv v E Ryo and Mcv v2 0 iff On

Examples

IR p Xz ly yz X y 2 Yz

V C µ x 2 ly yz

IR qu x x2 y _yr 2x y X2 ye 1 X Y 24



Other examples

y C 1 1,17 R

Mi f g fix g x dx

µ f g 1 12
dx

Ex For V Fib for C 4

Mlf g If fin gin is an inner product
c



Conjugate linearity

Recall pelu F is a linear transformation

VE V pul v IF is conjugate linear i e

pe u 42 v p u v M 42 v

µ c u v E p u v

3008 or c n V pecv.CI
c.mn VuT

E.prfr uT
E p u v



Cauchy Bunyakovsky Schwarz inequality

For any U V

ka.si ftp.t E
Cauchy Bunyakovsky Schwarz

9001 N U t

in w 70 u u t.EC v.v t.eu v Ev 0

choosing t Evs v.v gives

unit 2 so

xu.us 1,1230 cu.us.tv v7 kn v 1

Ex When is this tight



Distances from inner products

Define 1 UY YET Defined for any inner product

Hu v11 defines a distance i t

Ex Hn v w EY Hu v11 Hu WH Hu will

Triangle inequality

Can now talk of distances convergence limits



tilbert Spaces
Limits may exist but are they still in V

e g V C C 1,17 R

1

f in
an 1 nling for

1

Hilbert Space Closure of inner product space
under limits



Orthogonality and Orthonormality

U V are orthogonal under µ if 44 7m O

5 is a set of mutually orthogonal vectors if

u v3 D H n b f s n Y

S EY is orthonormal if
Lu v3 0 u v ES ne

114K u f S

Examples

v R with x y X y 2y 5
p b

v IR with x y 2x y 124 12 1 27



Orthogonality implies linear independence

Let S E V for be a set of mutually orthogonal vectors
then 5 is LI

101 Say G V Cn Vn 0 for u Vn ES

XV C Vit cn.vn 0

G Tv v to to 0 4 0

Similarly C2 In 0



Gram Schmidt orthogonalization

Given v1 n LI in kin orthonormal sit

Span W Wn Span x vn

roof Induction on RE 1 n

k 1 R Rt

fin We orthonormal 5.7

spankw Wpb Span v Vp

Wat C tn Cr Wp V say

Wi Inm 0 C Wi

WRH
in



Orthonormal bases

Every finite dimensional inner product space
has an orthonormal basis

Pcp Basis V Vn

Gram Schmidt

W Wn

EX Find an orthonormal basis for V IR with

xx.gs ix x2 2

I

Hilbert spaces also have countable orthonormal base

if we allow infinite sums Hilbert bases


